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Abstract
In this research, the strong coupling constants of the D∗D∗sK, D1Ds1K, D
∗DsK and D1D
∗
s0K
vertices are evaluated, using the three-point QCD sum rules. In order to calculate the coupling
constant of each vertex, either the kaon or the charmed meson is considered as the off-shell particle.
The basic g parameter, in the heavy quark effective theory, is related to the coupling constants
of D∗D∗sK and D
∗DsK. Our obtained value for g parameter is 0.24 ± 0.09, which is in good
agreement with the lower limits of the other existing predictions.
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I. INTRODUCTION
Determination of the strong coupling constants helps us to better understand, the nature
of the strong interactions and hadronic phenomena that are described by the nonpertur-
bative QCD approach. QCD sum rules(QCDSR) [1] are among the most interesting ap-
proaches at the low-energy region that have determined many successful calculations about
the mesonic vertices such as D∗Dπ [2, 3], DDρ [4], D∗D∗ρ [5], DDJ/ψ [6], D∗DJ/ψ [7],
D∗DsK, D
∗
sDK, D0DsK, Ds0DK [8], D
∗D∗P , D∗DV , DDV [9], D∗D∗π [10], D∗D∗J/ψ
[11], DsD
∗K, D∗sDK [12], DDω [13], φD
∗
s0D
∗
s0, φDsDs , φD
∗
sD
∗
s , φDs1Ds1 [14], Bs0BK[15],
B∗sBK[16], D
∗
sDsφ [17] , DsDK
∗
0 , BsBK
∗
0 , D
∗
sDK, B
∗
sBK, D
∗
sDK1, B
∗
sBK1 [18], K
∗Kπ,
φKK, φK∗K∗, ρK∗K∗ [19], B1B
∗π, B1B0π, B1B1π, D1D
∗π, D1D0π and D1D1π[20].
In relativistic heavy ion collisions, the suppression of charmonium production is con-
sidered as signatures of the quarkgluon plasma [21]. The effective SU(4) Lagrangians are
applied in the low energy region to investigate the interaction of the charmonium with
the hadronic medium [22]. The standard procedure of QCDSR is followed in our work.
The theoretical [operator product expansion(OPE)] and the phenomenological(physical)
contributions for the correlation function of the four proposed vertices are obtained sep-
arately, and then are equated. Higher order contributions from the OPE side and higher
resonances(and continuum) from the phenomenological side are suppressed by using double
Borel transformation in both sides of the equation. The numerical integration of the sum
rules to estimate the coupling constant is performed. Coupling constants are functions of
q2(four momentum of off-shell meson) and Borel masses. The independence of the coupling
constants from Borel masses are used to improve the stability of coupling constants.
In the present paper, we propose the framework of the three point QCD sum rules for the
calculation of the strong coupling constants of the D∗D∗sK, D1Ds1K, D
∗DsK and D1D
∗
s0K
vertices. This research is reported in four sections. In section II, the three-point QCD sum
rules framework is given in details. Our numerical findings for the coupling constants of
four mentioned vertices are given in section III. Finally section IV contains the conclusions.
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II. THREE-POINT QCD SUM RULES
In order to calculate the strong coupling constants of D∗D∗sK, D1Ds1K, D
∗DsK and
D1D
∗
s0K in the three point QCD sum rules framework, the first step is to write the corre-
lation functions, which for the K off-shell, are given by,
ΠKµν(p, p
′) = i2
∫
d4x d4y ei(p
′·x−p·y)〈0|T
(
jD
∗(Ds1)
ν (x) j
K(0) jD
∗
s (D1)
µ (y)
)
|0〉, (1)
ΠKµ (p, p
′) = i2
∫
d4x d4y ei(p
′·x−p·y)〈0|T
(
jD
∗(D1)
µ (x) j
K(0) jDs(D
∗
s0)(y)
)
|0〉, (2)
and for the charmed meson off-shell, are given by,
ΠD
∗
s (D1)
µν (p, p
′) = i2
∫
d4x d4y ei(p
′·x−p·y)〈0|T
(
jD
∗(Ds1)
ν (x) j
D∗s (D1)
µ (0) j
K(y)
)
|0〉, (3)
ΠDs(D
∗
s0)
µ (p, p
′) = i2
∫
d4x d4y ei(p
′·x−p·y)〈0|T
(
jD
∗(D1)
µ (x) j
Ds(D∗s0)(0) jK(y)
)
|0〉, (4)
where jµ and j are the pseudovector(vector) and pseudoscalar(scalar) interpolating currents
which are given by quark fields as,
jK(x) = s¯(x)γ5d(x),
jD
∗
s0(x) = s¯(x)Uc(x),
jDs(x) = s¯(x)γ5c(x),
jD
∗
s
µ (x) = s¯(x)γµc(x),
jD
∗
µ (x) = d¯(x)γµc(x),
jDs1µ (x) = s¯(x)γµγ5c(x),
jD1µ (x) = d¯(x)γµγ5c(x). (5)
where U is a unitary matrix. The correlation function can be expanded in two different
ways, the phenomenological and the operator product expansion(OPE). The phenomeno-
logical expression can be obtained, by inserting the three complete sets of hadronic states
with the same quantum numbers between the interpolating currents, in the correlation
functions, that leads to:
ΠKµν =
〈0|jD∗(Ds1)ν |D∗(Ds1)(p′, ǫ′)〉〈0|jD∗s(D1)µ |D∗s(D1)(p, ǫ)〉〈K(q)|jK|0〉
(p2 −m2D∗s (D1))(p′2 −m2D∗(Ds1))
×〈D
∗(Ds1)(p
′, ǫ′)D∗s(D1)(p, ǫ)|K(q)〉
(q2 −m2K)
+ ....,
3
ΠD
∗
s (D1)
µν =
〈0|jD∗(Ds1)ν |D∗(Ds1)(p′, ǫ′)〉〈0|jK|K(p)〉〈D∗s(D1)(q)|jD∗s(D1)µ |0〉
(p2 −m2K)(p′2 −m2D∗(Ds1))
×〈D
∗(Ds1)(p
′, ǫ′)K(p)|D∗s(D1)(q, ǫ′′)〉
(q2 −m2D∗s (D1))
+ ....,
ΠKµ =
〈0|jD∗(D1)µ |D∗(D1)(p′, ǫ′)〉〈0|jDs(D∗s0)|Ds(D∗s0)(p)〉〈K(q)|jK|0〉
(p2 −m2Ds(D∗s0))(p′2 −m
2
D∗(D1)
)
×〈D
∗(D1)(p
′, ǫ′)Ds(D
∗
s0)(p)|K(q)〉
(q2 −m2K)
+ ....,
ΠDs(D
∗
s0)
µ =
〈0|jD∗(D1)µ |D∗(D1)(p′, ǫ′)〉〈0|jK|K(p)〉〈Ds(D∗s0)(q)|jDs(D∗s0)|0〉
(p2 −m2K)(p′2 −m2D∗(D1))
×〈D
∗(D1)(p
′, ǫ′)K(p)|Ds(D∗s0)(q)〉
(q2 −m2Ds(D∗s0))
+ ...., (6)
where, .... denote higher resonances and continuum states. The matrix elements that appear
in Eqs. (6) can be replaced by the physical parameters with the following definitions:
〈0|jP |P(p)〉 = m
2
PfP
mq +mq′
,
〈0|jVµ |V(q, ǫ)〉 = mVfVǫµ(q),
〈0|jS |S(p)〉 = m2SfS , (7)
where fP , fS and fV are the leptonic decay constants of pseudoscalar, scalar and vec-
tor(pseudovector) mesons respectively, mP , mS and mV are meson masses and ǫµ is the
polarization vector.
Generally, inserting Eq. (7) in Eqs. (6), leads to several lorentz structures. Theoretically,
it is possible to select any structure for determination of the coupling constant. Such
determined value is expected to be independent of our selected structure. Due to existing
approximations in the calculations of the coupling constants, it is reasonable to select the
structure, leading to more stable sum rules. Finally the phenomenological side is given by
ΠKµν = −igKD∗s (D1)D∗(Ds1)K(q2)
mD∗(Ds1)m
2
KmD∗s (D1)fD∗(Ds1)fKfD∗s (D1)
(mu +ms)(q2 −m2K)(p2 −m2D∗s (D1))(p′2 −m2D∗(Ds1))
×(ǫαβµνpαp′β + ...) + higher and continuum states. (8)
ΠD
∗(Ds1)
µν = −igKD∗s (D1)D∗(Ds1)K(q2)
mD∗(Ds1)m
2
KmD∗s (D1)fD∗(Ds1)fKfD∗s (D1)
(mu +ms)(q2 −m2D∗(Ds1))(p2 −m2K)(p′2 −m2D∗(Ds1))
×(ǫαβµνpαp′β + ...) + higher and continuum states. (9)
4
ΠKµ = −gKDs(D∗s0)D∗(D1)K(q
2)
mD∗(D1)m
2
K [m]fD∗(D1)fKfDs(D∗s0)(m
2
Ds(D∗s0)
+m2D∗(D1) − q2)
m2D∗(D1)(mu +ms)(q
2 −m2K)(p2 −m2Ds(D∗s0))(p′2 −m
2
D∗(D1)
)
×(p′µ + ...) + higher and continuum states. (10)
ΠDs(D
∗
s0)
µ = −igDs(D
∗
s0)
Ds(D∗s0)D
∗(D1)K
(q2)
mD∗(D1)m
2
K [m]fD∗(D1)fKfDs(D∗s0)(m
2
K +m
2
D∗(D1)
− q2)
m2D∗(D1)(mu +ms)(q
2 −m2D∗(D1))(p2 −m2K)(p′2 −m2D∗(D1))
×(p′µ + ...) + higher and continuum states. (11)
where [m] =
m2
Ds
ms+mc
for D∗DsK and [m] = mD∗
s0
for D1D
∗
s0K.
The OPE side can be obtained by inserting the interpolating form of Eqs. (5) in the
correlation function of Eqs. (1-4) and using the Wick’s theorem in deep Euclidean region
(p2 → −∞ and p′2 → −∞). In general the OPE process leads to:
ΠOPE = C0 + C3〈q¯q〉+ C5〈q¯σαβT aGaαβq〉+ · · · , (12)
where C3 and C5 are the Wilson coefficients corresponding to the quark-quark and quark-
gluon condensates and are the most efficient part of the nonperturbative contributions of
OPE side. C0 is the perturbative contribution of OPE side for each Lorentz structures,
Πper = − 1
4π2
∫
ds
∫
ds′
ρ(s, s′, q2)
(s− p2)(s′ − p′2) , (13)
where ρ(s, s′, q2) is the leading order of spectral density and is obtained by applying the
Cutkosky’s rules to the coefficients of the intended Lorentz structures,
ρKµν = 4iNcI0 [B2(mq + kmc)− B1(kmq′ −mc) + kmc] (14)
ρD
∗
s (D1)
µν = 4iNcI0 [B2(mc + kmq) + B1(mq −mq′) +mq] (15)
ρKµ = 4NcI0
[
B2(msmu + kmumc − kmcms −m2c +∆−
u
2
)− kmcms −m2c +
∆
2
]
(16)
ρDs(D
∗
s0)
µ = 4NcI0
[
B2(−kmsmu + kmumc +mcms −m2u +∆−
u
2
)− kmums −m2u +
∆
2
]
(17)
where Nc = 3, q = u and q
′ = s for D∗D∗sK, q = s and q
′ = u for D1Ds1K, k = −1 in
D∗D∗sK(D
∗DsK) case and k = 1 in D1Ds1K(D1D
∗
s0K) case. Also we consider the following
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expressions
I0(s, s
′, q2) =
1
4λ
1
2 (s, s′, q2)
,
λ(a, b, c) = a2 + b2 + c2 − 2ac− 2bc− 2ac,
∆ = (s+m23 −m21),
∆′ = (s′ +m23 −m22),
u = s+ s′ − q2,
B1 =
1
λ(s, s′, q2)
[2s′∆−∆′u] ,
B2 =
1
λ(s, s′, q2)
[2s∆′ −∆u] . (18)
The contribution of the perturbative term, is shown in Fig. (1). In Fig. (2), the
quark-quark and quark-gluon condensates are given for the light quark spectator.
FIG. 1: Perturbative diagrams for (a)off-shell D∗s (b)off-shell K.
FIG. 2: Non-Perturbative diagrams for D∗s off-shell.
For each vertex, the strong coupling constant can be obtained by equating the theoretical
and the phenomenological representations. Let us apply the double Borel transformations
to both sides of the correlation function with respect to the p2 and p′2, defined as follow:
Bp2(M
2
1 )(
1
p2 −m2 )
n =
(−1)n
Γ(n)
e
−m
2
M2
1
(M21 )
(n−1)
,
B
p′
2(M22 )(
1
p′2 −m2 )
n =
(−1)n
Γ(n)
e
−m
2
M2
2
(M22 )
(n−1)
, (19)
where M21 and M
2
2 are the Borel parameters. We obtained the corresponding results for
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the strong coupling constants as follows:
g
D∗s(D1)
D∗s (D1)D
∗(Ds1)K
(q2) = i
(mu +ms)(q
2 −m2D∗s (D1))
mD∗(Ds1)m
2
KmD∗s (D1)fD∗(Ds1)fKfD∗s (D1)
e
m
2
K
M2
1 e
m
2
D∗(Ds1)
M2
2
×

− 14π2
∫ sD∗(Ds1)0
(mc+mu(ms))2
ds′
∫ sK0
s1
ds ρD
∗
s (D1)
µν (s, s
′, q2)e
− s
M2
1 e
− s
′
M2
2
+
C
D∗s (D1)
D∗s(D1)D
∗(Ds1)K
12M21M
2
2
〈dd¯〉 (〈ss¯〉)

 ,
gKD∗s (D1)D∗(Ds1)K(q
2) = i
(mu +ms)(q
2 −m2K)
mD∗(Ds1)m
2
KmD∗s (D1)fD∗(Ds1)fKfD∗s (D1)
e
m
2
D∗
s
(D1)
M2
1 e
m
2
D∗(Ds1)
M2
2
×

− 14π2
∫ sD∗(Ds1)0
((mc+mu(ms))2
ds′
∫ sD∗s (D1)0
s1
ds ρKµν(s, s
′, q2)e
− s
M2
1 e
− s
′
M2
2

 ,
g
Ds(D∗s0)
Ds(D∗s0)D
∗(D1)K
(q2) =
m2D∗(D1)(mu +ms)(q
2 −m2Ds(D∗s0))
mD∗(D1)m
2
K [m]fD∗(Ds1)fKfD∗s (D1)(m
2
K +m
2
D∗(D1)
− q2) e
m
2
K
M2
1 e
m
2
D∗(D1)
M2
2
×

− 14π2
∫ sD∗(D1)0
(mc+mu)2
ds′
∫ sK0
s1
ds ρDs(D
∗
s0)
µ (s, s
′, q2)e
− s
M2
1 e
− s
′
M2
2
+
C
Ds(D∗s0)
Ds(D∗s0)D
∗(D1)K
12M21M
2
2
〈dd¯〉

 ,
gKDs(D∗s0)D∗(D1)K(q
2) =
m2D∗(D1)(mu +ms)(q
2 −m2K)
mD∗(D1)m
2
K [m]fD∗(Ds1)fKfD∗s (D1)(m
2
K +m
2
D∗(D1)
− q2) e
m
2
Ds(D
∗
s0
)
M2
1 e
m
2
D∗(D1)
M2
2
×

− 14π2
∫ sD∗(D1)0
(mc+ms)2
ds′
∫ sDs(D∗s0)0
s1
ds ρKµ (s, s
′, q2)e
− s
M2
1 e
− s
′
M2
2

 , (20)
where the lower limits of the integrals over s are:
s1 =
(m23 + q
2 −m21 − s′)(m21s′ − q2m23)
(m21 − q2)(m23 − s′)
, (21)
also,
C
D
∗
s (D1)
D∗
s
(D1)D
∗(Ds1)K
12M21M
2
2
〈dd¯〉 (〈ss¯〉) and
C
Ds(D
∗
s0)
Ds(D
∗
s0
)D∗(D1)K
12M21M
2
2
〈dd¯〉 were presented as the contributions
of the quark-quark and the quark-gluon condensates. The explicit expressions for them,
are given in Appendix.
III. NUMERICAL ANALYSIS
In this section, numerical analysis for the expressions of the strong coupling constant, is
presented. The values of masses for quarks and mesons are given in Table I.
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TABLE I: The values of quark and meson masses in GeV [23].
ms mc mK mD∗ mD∗s mD1 mDs1 mDs mD∗s0
0.14± 0.01 1.26 ± 0.08 0.49 2.01 2.11 2.42 2.46 1.97 2.32
The leptonic decay constants used in these calculations are presented in Table II. Also
the condensate values are 〈ss¯〉 = −(0.8 ± 0.2)(0.240 ± 0.010GeV )3 and 〈dd¯〉 = −(0.240 ±
0.010GeV )3.
TABLE II: The leptonic decay constants in MeV.
fK[23, 24] fD∗[25] fD∗s [26] fD1 [27] fDs1 [28] fDs[29] fD∗s0 [26]
156.1 ± 8 340 ± 12 266± 32 294 ± 27 219± 11 225 ± 20 230 ± 20
The strong coupling constants presented in Eq. (20) should not depend on the Borel mass
(M1 and M2) variations because, the Borel parameters are not physical whereas, the strong
coupling constants are physical. Therefore, we should select Borel masses region such that,
the strong coupling constants remain almost stable and the results approximately close to
each other. Also, for higher values of Borel parameters, the continuum and the higher states
contributions may be considerable. So, in order to suppress the effect of the continuum and
the higher states and simultaneously, maintain the final values of the coupling constants
almost unchanged, proper limitations on the Borel parameters interval are determined.
The upper limits of the integrals in Eqs. (20), are the continuum thresholds. In each
vertex , if we take the initial meson mass and the final meson mass asm andm′ respectively,
then the continuum thresholds are s0 = (m + ∆)
2 and s′0 = (m
′ + ∆′)2, and ∆(∆′) varies
between 0.4 ≤ ∆(∆′) ≤ 1[20]. By using ∆(∆′) = 0.5 and fixing Q2 = 1 GeV , we plot the
dependence of the strong coupling constant gKD∗D∗sK on the Borel parameters, M
2
1 and M
2
2
in Fig. 3. We found the proper interval Borel window as 5 GeV 2 ≤M21 (M22 ) ≤ 9 GeV 2.
By choosing the suitable Borel masses as M1 = M2 = 7 GeV
2, and the inputs presented
above, the Q2 dependence of the numerical solution for the coupling constants can be
calculated. For example, the results are presented in Fig. 4 by circles and diamonds for
gKD∗D∗sK and g
D∗s
D∗D∗sK
respectively. The strong coupling constant value is defined at pole
position Q2 = −m2off−shell.The fit function to our obtained numerical solution should be
8
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2(GeV2)M2
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*
D
s* K
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2 =
1)
FIG. 3: gKD∗D∗sK dependencies on Borel parameters M1 and M2 at Q
2 = 1GeV .
extrapolated to reach the pole position, g(Q2 = −m2off−shell). Our calculations show that
the strong coupling constants can be fitted by the exponential fit function, as given by:
g(Q2) = A e−Q
2/B. (22)
−6 −4 −2 0 2 4 6 8 10 12 14
0
2
4
6
8
10
12
Q2(GeV2)
g D
*
D
s*
K 
(Q
2 )
 
 
QCDSR K off−shell
Exponential fit
QCDSR D
s
*
 off−shell
Exponential fit
FIG. 4: The strong coupling constant gD∗D∗sK dependencies on Q
2.
In Fig. 4, we show this process for gKD∗D∗sK and g
D∗s
D∗D∗sK
dependence on Q2. The values of
the A and B parameters are given in Table III, for two different off-shell mesons. In order to
reduce the effect of approximations in choosing ∆(∆′) and to estimate the theoretical error
corresponding to these, three sets are considered. We choose ∆ = ∆′ if the mass of initial
and final mesons are close to each other and so ∆I = 0.4, ∆II = 0.5 and ∆III = 0.6. For
different initial and final particles, we choose set I = (0.6, 0.4) GeV , set II = (0.7, 0.5) GeV
and set III = (0.8, 0.6) GeV , where the larger ∆(∆′) correspond to the heavier initial(final)
meson.
In order to estimate the errors corresponding to the coupling constants, uncertainties
in the QCD parameters such as quark and meson masses, decay constants, Borel masses,
condensate values and continuum thresholds are considered in this work. To find the
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TABLE III: Parameters appearing in the fit functions for all the vertices.
set I set II set III
Form factor A(∆I) B(∆I) A(∆II) B(∆II) A(∆III) B(∆III)
g
D∗s
D∗D∗sK
3.60 11.09 4.04 13.07 4.46 16.34
gKD∗D∗sK
4.99 4.27 5.31 5.77 5.45 7.61
gD1D1Ds1K 2.88 17.10 2.23 19.06 2.69 14.45
gKD1Ds1K 3.69 33.16 3.90 61.56 4.28 99.47
gDsD∗DsK 1.46 9.06 2.03 9.38 2.63 10.24
gKD∗DsK 3.33 4.93 3.44 6.97 3.56 9.96
g
D∗
s0
D1D∗s0K
2.71 18.80 3.72 20.54 5.14 21.01
gKD1D∗s0K
4.25 11.17 4.31 15.17 4.54 19.67
TABLE IV: The strong coupling constants of all the vertices with the corresponding errors
Coupling constant Coupling constant
g
D∗s
D∗D∗sK
5.64± 1.67(GeV−1) gKD∗D∗sK 5.48 ± 1.60(GeV−1)
gD1D1Ds1K 3.31± 1.23(GeV−1) gKD1Ds1K 3.97 ± 1.12(GeV−1)
gDsD∗DsK 3.05± 1.31 gKD∗DsK 3.57 ± 0.99
g
D∗
s0
D1D∗s0K
4.90± 1.91 gKD1D∗s0K 4.44 ± 1.34
theoretical error corresponding to the Borel masses, the behaviour of the coupling constants
is investigated within the Borel windows, by varying the Borel mass values while fixing all
other variables. The error estimation in the case of continuum thresholds is similar to
the Borel masses and is calculated. The coupling constant values of each vertex and the
corresponding errors are presented in Table IV. Comparison of the results, obtained in Table
IV, we see that the method used here, to extrapolate the QCDSR results, in both cases of
D∗ and K off-shell, allow us to extract values for the coupling constants of both off-shell
cases to be in good agreement with each other. The reason we chose the exponential fit
instead of the linear one(which is also a good fit), is because of having such freedom to
extract values of coupling constants close to each other from both off shell cases, mentioned
above. The following results for the coupling constants of the vertices studied in this work
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|g| Reference
0.38± 0.08 [30]
0.34± 0.10 [31]
0.28 [32]
0.35± 0.10 [33]
0.50± 0.02 [34]
0.6± 0.1 [35]
0.59± 0.07 [36]
0.27+0.06−0.03 [37]
0.22± 0.10 [9]
0.16+0.07−0.05 [8]
0.24± 0.09 This work
TABLE V: Numerical values of the parameter g.
are obtained:
gD∗D∗sK = 5.61± 1.64 GeV−1,
gD1Ds1K = 3.64± 1.19 GeV−1,
gD∗DsK = 3.32± 1.17,
gD1D∗s0K = 4.67± 1.63 . (23)
Finally, we find the g parameter value. The g parameter is a basic value in the heavy-
quark chiral effective theory and can be related to the effective coupling, by using the
following formula:
gD∗D∗sK =
2
fk
g,
g′D∗DsK =
2
√
mD∗mDs
fk
g. (24)
where g′D∗DsK = 2gD∗DsK . The values of g parameter are presented in Table V and compared
to the other published results.
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IV. CONCLUSIONS
In the present work, the three-point QCDSR is expanded to study the D∗D∗sK, D1Ds1K,
D∗DsK and D1D
∗
s0K vertices and to estimate the corresponding coupling constants. In
each vertex, two off-shell meson states were considered. In order to find the corresponding
coupling constant, the obtained numerical values in both off-shell meson states are averaged.
These values could give useful information about the nature of the charmed meson strong
interactions. The g parameter is also calculated and compared to the previously found
values, indicating good agreement with their lower limits.
Appendix: The contributions of the quark-quark and
quark-gluon condensates
In this appendix, the explicit expressions of the quark-quark and quark-gluon conden-
sates after applying the double Borel transformations, are given by
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